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ON IDEMPOTENTS AND THE NUMBER OF SIMPLE COMPONENTS OF
SEMISIMPLE GROUP ALGEBRAS
GABRIELA OLTEANU AND INNEKE VAN GELDER
Abstract. We describe the primitive central idempotents of the group algebra over a number field
of finite monomial groups. We give also a description of the Wedderburn decomposition of the group
algebra over a number field for finite strongly monomial groups. Further, for this class of group algebras,
we describe when the number of simple components agrees with the number of simple components of
the rational group algebra. Finally, we give a formula for the rank of the central units of the group ring
over the ring of integers of a number field for a strongly monomial group.
1. Introduction
In 2004, Olivieri, del Rı´o and Simo´n [OdRS04] showed a method to describe the primitive central
idempotents of QG for finite monomial groups. Furthermore, they were able to provide information on
the Wedderburn decomposition of QG for strongly monomial groups (including abelian-by-supersolvable
groups). In 2007, Broche and del Rı´o [BdR07] did the same for finite semisimple group algebras. Let F
be a number field. The main aim of this work is to show that similar methods can be used to describe
the primitive central idempotents of FG for finite monomial groups and to describe the Wedderburn
decomposition of FG for finite strongly monomial groups. This description allows us to compute the
number of simple components of a group algebra FG for finite strongly monomial groups and to see
when this number is minimal, i.e. equals the number of simple components of QG. We find necessary
and sufficient conditions on the presentation of the group G and the number field F for the number
of simple components of FG to be minimal, for finite abelian groups and some metacyclic groups. An
analogue is given for finite semisimple group algebras that agrees with the formula given by [FP07] for
finite abelian groups.
Let R be the ring of integers of a number field F . For a finite group G we denote by U(RG) the
unit group of the group ring RG. Its group of central units is denoted by Z(U(RG)). It follows from
Dirichlet’s Unit Theorem that Z(U(RG)) = T ×A, where T is a finite group and A is a finitely generated
free abelian group. In the last section, we compute the rank of A, which is called the rank of Z(U(RG))
for G a strongly monomial group.
We first fix some notations. For two coprime integers r and m, we denote the multiplicative order of
r modulo m by om(r). A group G will always be assumed to be finite. Let F be a number field.
If α ∈ FG and g ∈ G then αg = g−1αg and CenG(α) denotes the centralizer of α in G. The notation
H ≤ G (respectively, H EG) means that H is a subgroup (resp., normal subgroup) of G. If H ≤ G then
NG(H) denotes the normalizer of H in G and we set “H = 1|H|∑h∈H h. If g ∈ G then ĝ =”〈g〉.
By assumption, all the characters of G are considered as complex characters. For an irreducible
character χ of G, let F (χ) denote the field of character values of χ, e(χ) = 1|G|
∑
g∈G χ(g
−1)g the
primitive central idempotent of CG associated to χ and eF (χ) the unique primitive central idempotent
of FG such that χ(eF (χ)) 6= 0.
The Galois group Gal(F (χ)/F ) acts on F (χ)G by acting on the coefficients, that is
σ ·
∑
g∈G
agg =
∑
g∈G
σ(ag)g,
for σ ∈ Gal(F (χ)/F ) and ag ∈ F (χ). Following [Yam73], we have
eF (χ) =
∑
σ∈Gal(F (χ)/F )
σ · e(χ).(1)
If G = 〈g〉 is cyclic of order k, then the irreducible characters are all linear and are defined by the
image of a generator of G. Therefore the set G∗ = Irr(G) of irreducible characters of G is a group and
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the map φ : Z/kZ → G∗ given by φ(m)(g) = ζmk is a group homomorphism. The generators of G
∗ are
precisely the faithful representations of G. Let CF (G) denote the set of orbits of the faithful characters
of G under the action of Gal(F (ζk)/F ). Note that for any faithful character χ of G, F (χ) = F (ζk).
Each automorphism σ ∈ Gal(F (ζk)/F ) is completely determined by its action on ζk, and is given by
σ(ζk) = ζ
t
k, where t is an integer uniquely determined modulo k. In this way, one gets the following
morphisms
Gal(F (ζk)/F )


//
≃

Gal(Q(ζk)/Q)
≃

Ik(F )


// U(Z/kZ)
where we denote the image of Gal(F (ζk)/F ) in U(Z/kZ) by Ik(F ) (see [CR81, §21A] for notations). In
this setting, the sets in CF (G) corresponds one-to-one to the orbits under the action of Ik(F ) on U(Z/kZ)
by multiplication.
For x and y in G, we say that x and y are F -conjugate if x is conjugate in G to yt for some t ∈ Ie(F ),
where e is the exponent of G. Hence, when G is cyclic CF (G) also corresponds to the F -conjugacy classes
of G containing generators of G.
2. Primitive central idempotents associated to monomial irreducible characters
Let N E G be such that G/N is cyclic of order k and C ∈ CF (G/N). If χ ∈ C and tr = trF (ζk)/F
denotes the field trace of the Galois extension F (ζk)/F , then we set
εC(G,N) =
1
|G|
∑
g∈G
tr(χ(gN))g−1 =
1
|G|
∑
g∈G
∑
ψ∈C
ψ(gN)g−1 = [G : N ]−1“N ∑
X∈G/N
∑
ψ∈C
ψ(X)g−1X ,
where gX denotes a representative of X ∈ G/N . Note that εC(G,N) does not depend on the choice of
χ ∈ C.
Let K EH ≤ G such that H/K is cyclic and C ∈ CF (H/K). Then eC(G,H,K) denotes the sum of
the different G-conjugates of εC(H,K).
Proposition 2.1. If G is a finite abelian group of order n and F is a number field, then the map
(N,C) 7→ εC(G,N) is a bijection from the set of pairs (N,C) with N EG, such that G/N is cyclic, and
C ∈ CF (G/N) to the set of primitive central idempotents of FG. Furthermore, for every N E G and
C ∈ CF (G/N), FGεC(G,N) ≃ F (ζk), where k = [G : N ].
Proof. If e is a primitive central idempotent of FG, then there exists an irreducible character ψ of G
such that e = eF (ψ). Since G is abelian, ψ is linear. Let N denote the kernel of ψ and let χ be the
faithful character of G/N given by χ(gN) = ψ(g). Then G/N is cyclic, say of order k, F (ψ) = F (ζk)
and the orbit of χ under the action of Gal(F (ζk)/F ) is an element of CF (G/N). Furthermore
eF (ψ) =
∑
σ∈Gal(F (ψ)/F )
σ · e(ψ) =
1
|G|
∑
σ∈Gal(F (ψ)/F )
∑
g∈G
σ(ψ(g))g−1
=
1
|G|
∑
σ∈Gal(F (ψ)/F )
∑
g∈G
σ(χ(gN))g−1 =
1
|G|
∑
g∈G
trF (ζk)/F (χ(gN))g
−1 = εC(G,N).
(2)
This shows that the map is surjective and FGεC(G,N) = FGeF (ψ) ≃ F (ζk).
Assume now that εC1(G,N1) = εC2(G,N2) with Ni E G and Ci ∈ CF (G/Ni). Take χi ∈ Ci. Let
pii : G → G/Ni be the canonical projections and ψi = χi ◦ pii. Then ψi are irreducible characters of G.
By (2), eF (ψ1) = εC1(G,N1) = εC2(G,N2) = eF (ψ2) and F (ψ1) = F (ψ2). If K = F (ψi), then there
exists a σ ∈ Gal(K/F ) such that ψ2 = σ ◦ ψ1 and hence N1 = kerψ1 = kerψ2 = N2. Now let pi
−1 be a
right inverse of pi1 = pi2. Then χ2 = ψ2 ◦ pi
−1 = σ ◦ ψ1 ◦ pi
−1 = σ ◦ χ1 and hence C1 = C2. This shows
that the map is injective. 
Corollary 2.2. If G is a finite group with normal subgroup N such that G/N is cyclic of order k and
F is a number field, then εC(G,N) is a primitive central idempotent of FG and FGεC(G,N) ≃ F (ζk).
Furthermore, if D ∈ CF (G/N), then εC(G,N) = εD(G,N) if and only if C = D.
Proof. The natural epimorphism G → G/N induces a ring isomorphism φ : FG“N ≃ F (G/N). Since
εC(G,N) ∈ FG“N and φ(εC(G,N)) = εC(G/N, 1) is a primitive central idempotent of F (G/N) by
Proposition 2.1, also εC(G,N) is a primitive central idempotent in FG. Moreover, again by Propo-
sition 2.1, FGεC(G,N) ≃ F (G/N)εC(G/N, 1) ≃ F (ζk) and εC(G,N) = εD(G,N) if and only if
εC(G/N, 1) = εD(G/N, 1) if and only if C = D. 
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Let H be a subgroup of G, ψ a linear character of H and g ∈ G. Then ψg denotes the character of
Hg given by ψg(hg) = ψ(h). Since ker(ψg) = ker(ψ)g, the map ψ 7→ ψg is a bijection between linear
characters of H with kernel K and linear characters of Hg with kernel Kg. This map induces a bijection
CF (H/K)→ CF (H
g/Kg) : C 7→ Cg. In this sense, the following equation is easy to verify:
εC(H,K)
g = εCg(H
g,Kg).(3)
Now let K E H ≤ G be such that H/K is cyclic of order k. Then N = NG(H) ∩ NG(K) acts on
CF (H/K) by the rule
({χi | i ∈ Ik(F )}, g) 7→ {(χ
g)i | i ∈ Ik(F )}.
Similarly, N acts on the F -conjugacy classes of H/K containing generators of H/K. Consider the
stabilizer of a C ∈ CF (H/K), take χ ∈ C and fix hK a generator of H/K,
StabN (C) = {g ∈ N | χ
g = χi for some i ∈ Ik(F )}
= {g ∈ N | χ(g−1hgK) = χ(hiK) for some i ∈ Ik(F )}
= {g ∈ N | g−1hgK = hiK for some i ∈ Ik(F )}
= StabN (hK),
where hK denotes the F -conjugacy class of hK. Note that we used that χ is faithful in the third equality.
Note that StabN (hK) is independent on the choice of generator of H/K. Indeed, let h1K and h2K be
generators such that h1K = h
j
2K. Then
StabN (h1K) = {g ∈ N | g
−1h1gK = h
i
1K for some i ∈ Ik(F )}
= {g ∈ N | (g−1h2gK)
j = (hi2K)
j for some i ∈ Ik(F )}
⊇ {g ∈ N | g−1h2gK = h
i
2K for some i ∈ Ik(F )} = StabN (h2K),
which gives an equality while reversing the role of h1 and h2. Hence StabN (C) is independent on the
choice of C ∈ CF (H/K) and hence it is the stabilizer of any C ∈ CF (H/K) under the action of N . We
denote this stabilizer by EF (G,H/K). Note that EQ(G,H/K) = N .
Definition 2.3. A pair (H,K) of subgroups of G is called a Shoda pair if it satisfies the following
conditions:
(1) K EH,
(2) H/K is cyclic,
(3) if g ∈ G and [H, g] ∩H ⊆ K, then g ∈ H.
Let H be a subgroup of G and χ a character of H . Then χG is given by
χG(g) =
1
|H |
∑
x∈G
χ◦(xgx−1),
where χ◦ is defined by χ◦(h) = χ(h) if h ∈ H and χ◦(y) = 0 if y /∈ H . It is well known that χG is a
character of G and we call it the induced character on G (see [Isa76, Corollary 5.3]).
A character χ of G is called monomial if there exist a subgroup H ≤ G and a linear character ψ of
H such that χ = ψG, the induced character on G. The group G is called monomial if all its irreducible
characters are monomial.
Then we can rephrase an old theorem of Shoda [Sho33] as follows.
Proposition 2.4 (Shoda). If χ is a linear character of a subgroup H of G with kernel K, then the
induced character χG is irreducible if and only if (H,K) is a Shoda pair.
Hence for monomial groups G, all irreducible characters are associated with Shoda pairs of G. The
next theorem provides a description of the primitive central idempotent given by a Shoda pair (H,K)
of a group G as a multiple of eC(G,H,K).
Theorem 2.5. Let G be a finite group and (H,K) a Shoda pair of G. Let F be a number field. Let χ be
a linear character of H with kernel K and C be the orbit of χ under the action of Gal(F (χ)/F ). Then
χG is irreducible and the primitive central idempotent of FG associated to χG is
eF (χ
G) =
[CenG(εC(H,K)) : H ]
[F (χ) : F (χG)]
eC(G,H,K).
4 GABRIELA OLTEANU AND INNEKE VAN GELDER
Proof. Let e = e(χ). Let Gal(F (χ)/F ) = {σ1, . . . , σn} and T = {g1, . . . , gm} be a right transversal of H
in G. Then
e(χG) =
1
|G|
∑
g∈G
χG(1)χG(g−1)g
=
1
|G|
∑
g∈G
|G|
|H |
χ(1)
(
m∑
i=1
χ◦(gig
−1g−1i )
)
g
=
1
|H |
m∑
i=1
∑
h∈H
χ(h−1)g−1i hgi
=
m∑
i=1
e · gi.
Consider the table
σ1 · e · g1 σ1 · e · g2 · · · σ1 · e · gm σ1 · e(χ
G)
σ2 · e · g1 σ2 · e · g2 · · · σ2 · e · gm σ2 · e(χ
G)
· · · · · · · · · · · · · · ·
σn · e · g1 σn · e · g2 · · · σn · e · gm σn · e(χ
G)
εC(H,K) · g1 εC(H,K) · g2 · · · εC(H,K) · gm ∗
We can compute the total sum ∗ by adding the elements of the last column or the elements of the last
row:
∗ =
n∑
i=1
σi · e(χ
G) =
m∑
j=1
εC(H,K) · gj .(4)
In the first sum of (4) the elements to add are the elements of the Gal(F (χ)/F )-orbit of e(χG), each
of them repeated [F (χ) : F (χG)] times. Using (1), one has
∗ = [F (χ) : F (χG)]eF (χ
G).(5)
Similarly the second sum of (4) adds up the elements of the G-orbit of εC(H,K) (by equation (3)), each
of them repeated [CenG(εC(H,K)) : H ] times. Therefore
∗ = [CenG(εC(H,K)) : H ]eC(G,H,K).(6)
The theorem follows by comparing (5) and (6). 
So for each Shoda pair (H,K) of G, number field F and each C ∈ CF (H/K), there exists a unique
α ∈ Q such that αeC(G,H,K) is a primitive central idempotent of FG.
Lemma 2.6. Let F be a number field. Let K E H ≤ G be such that H/K is cyclic of order k and
C ∈ CF (H/K).
(1) For every g ∈ G, the following statements are equivalent:
(a) g ∈ K,
(b) gεC(H,K) = εC(H,K),
(c) ĝεC(H,K) = εC(H,K).
(2) If H ENG(K), then CenG(εC(H,K)) = EF (G,H/K).
Proof. 1. The fact that (1a) implies (1b) follows from the easy observation that g“K = “K when g ∈ K.
The equivalence between (1b) and (1c) follows by comparing the coefficients. It remains to prove that
g ∈ K when gεC(H,K) = εC(H,K). Assume that gεC(H,K) = εC(H,K). Because of Corollary 2.2,
εC(H,K) is a primitive central idempotent in FH and hence non-zero. Therefore, the support of
gεC(H,K) is a non-empty set in H and g ∈ H . Hence we can write g = xh
t for some x ∈ K and
0 ≤ t ≤ k. Now
k−1“K k−1∑
i=0
∑
ψ∈C
ψ(hiK)ht−i = gεC(H,K) = εC(H,K) = k
−1“K k−1∑
i=0
∑
ψ∈C
ψ(hiK)h−i
and hence
trF (ζk)/F ((χ(h
tK)− 1)χ(hiK)) =
∑
ψ∈C
(ψ(htK)− 1)ψ(hiK) = 0
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for every 0 ≤ i ≤ k − 1 and some χ ∈ C. Since χ is faithful, its image generates F (χ) = F (ζk) as
F -vector space. Since trF (ζk)/F : F (ζk)→ F is F -linear and surjective, we deduce that χ(h
tK) = 1 and
hence k divides t. Therefore t = 0 and g ∈ K.
2. When H E NG(K), clearly EF (G,H/K) ⊆ NG(H) ∩ NG(K) ⊆ NG(K). Furthermore, if g ∈
CenG(εC(H,K)), then for each x ∈ K
g−1xgεC(H,K) = g
−1xεC(H,K)g = εC(H,K),
by 1. Therefore g−1xg ∈ K and CenG(εC(H,K)) ⊆ NG(K). Take g ∈ NG(K). By Corollary 2.2,
εC(H,K) and εCg (H,K) are two primitive central idempotents of FH and they are equal if and only if
C = Cg (i.e. if g ∈ EF (G,H/K)). By equation (3), εC(H,K)
g = εCg(H,K). Hence g ∈ CenG(εC(H,K))
if and only if εC(H,K)
g = εC(H,K), if and only if g ∈ EF (G,H/K). 
We recall from [JLP03, OdRS04] the following definitions. If N EG, then
ε(G,N) =
® “N if N = G∏
M/N∈M(G/N)(
“N − M̂) = “N∏M/N∈M(G/N)(1 − M̂) if N 6= G ,
where M(G/N) is the set of all minimal normal non-trivial subgroups of G/N . If K E H ≤ G, then
e(G,H,K) denotes the sum of all G-conjugates of ε(H,K); i.e. e(G,H,K) =
∑
t∈T ε(H,K)
t where T is
a right transversal of CenG(εC(H,K)) in G.
Clearly elements of QG can also be seen as elements in FG. The following lemma tells how ε(G,N)
and e(G,H,K) can be written as a sum of elements in FG.
Lemma 2.7. Let F be a number field.
(1) Let N EG be such that G/N is cyclic, then
ε(G,N) =
∑
C∈CF (G/N)
εC(G,N).
(2) Let KEHENG(K) be such that H/K is cyclic and let R be a set of representatives of the action
of NG(K) on CF (H/K). Then
e(G,H,K) =
∑
C∈R
eC(G,H,K).
Proof. 1. Both ε(G,N) and εC(G,N) belong to FG“N for every C ∈ CF (H/K). By factoring out N and
using the isomorphism FG“N ≃ F (G/N), we may assume without loss of generality that N = 1 and G
is cyclic. By Proposition 2.1, every primitive central idempotent of FG is of the form εC(G,H) with
H EG and C ∈ CF (G/H). Therefore ε(G, 1) is the sum of some elements εC(G,H) and it is enough to
prove that if H EG and C ∈ CF (G/H), then ε(G, 1)εC(G,H) 6= 0 if and only if H = 1.
If C ∈ CF (G) and 1 6= x ∈ G, then (1 − x̂)εC(G, 1) 6= 0 by Lemma 2.6. Since εC(G, 1) is a primitive
central idempotent, we have that εC(G, 1) = (1 − x̂)εC(G, 1). Since ε(G, 1) is the product of elements
of the form 1 − x̂ with 1 6= x ∈ G, it follows that ε(G, 1)εC(G, 1) = εC(G, 1) 6= 0. Conversely, if
1 6= H ≤ G, then there exists a h ∈ H such that 〈h〉 is a minimal non-trivial subgroup of G. Hence
ε(G, 1)εC(G,H) = ε(G, 1)(1− ĥ)εC(G,H) = 0, by Lemma 2.6. This finishes part 1 of the proof.
2. Let N = NG(H) ∩ NG(K) = NG(K), E = EF (G,H/K), TN be a right transversal of N in G,
TE be a right transversal of E in N . Then {hg | h ∈ TE , g ∈ TN} is a right transversal of E in G. By
[OdRS04, Proposition 3,3], we know that N = CenG(ε(H,K)). Hence e(G,H,K) =
∑
g∈TN ε(H,K)
g.
Clearly, CF (H/K) is the disjoint union of the sets {C
t | t ∈ TE} for C running on R. Therefore,
e(G,H,K) =
∑
g∈TN
ε(H,K)g
=
∑
g∈TN
∑
C∈CF (H/K)
εC(H,K)
g
=
∑
g∈TN
∑
C∈R
∑
h∈TE
εCh(H,K)
g
=
∑
C∈R
∑
g∈TN
∑
h∈TE
εC(H,K)
hg
=
∑
C∈R
eC(G,H,K).
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
3. The structure of the Wedderburn decomposition for strongly monomial groups
Definition 3.1. A strong Shoda pair of G is a pair (H,K) of subgroups of G satisfying the following
conditions:
(1) K ≤ H ENG(K),
(2) H/K is cyclic and a maximal abelian subgroup of NG(K)/K,
(3) for every g ∈ G \NG(K), ε(H,K)ε(H,K)
g = 0.
Let χ be an irreducible character of G. The character χ is said to be strongly monomial if there is
a strong Shoda pair (H,K) of G and a linear character ψ of H with kernel K such that χ = ψG, the
induced character on G. The group G is strongly monomial if every irreducible character of G is strongly
monomial.
In the main theorem of this section we describe the simple components of the group algebra FG pro-
vided by strong Shoda pairs. We show that a strong Shoda pair (H,K) of G that determines a primitive
central idempotent e(G,H,K) in QG, will also determine a primitive central idempotent eC(G,H,K)
in FG for C ∈ CF (G/N). Lemma 2.7 shows how e(G,H,K) splits into a sum of primitive central
idempotents of FG.
Theorem 3.2. Let G be a finite group and F be a number field.
(1) Let (H,K) be a strong Shoda pair of G and C ∈ CF (H/K). Let [H : K] = k and E =
EF (G,H/K). Then eC(G,H,K) is a primitive central idempotent of FG and
FGeC(G,H,K) ≃M[G:E] (F (ζk) ∗
σ
τ E/H) ,
where σ and τ are defined as follows. Let φ : E/H → E/K be a left inverse of the projection
E/K → E/H. Then
σgH(ζk) = ζ
i
k, if yK
φ(gH) = yiK,
τ(gH, g′H) = ζjk, if φ(gg
′H)−1φ(gH)φ(g′H) = yjK,
for gH, g′H ∈ E/H and integers i and j.
(2) Let X be a set of strong Shoda pairs of G. If every primitive central idempotent of QG is of the
form e(G,H,K) for (H,K) ∈ X, then every primitive central idempotent of FG is of the form
eC(G,H,K) for (H,K) ∈ X and C ∈ CF (H/K).
Proof. 1. By Lemma 2.6, E = CenG(εC(H,K)) and by [OdRS04, Proposition 3,3], CenG(ε(H,K)) =
NG(K). Let T be a right transversal of E in G, then eC(G,H,K) =
∑
g∈T εC(H,K)
g.
In order to prove that eC(G,H,K) is an idempotent, it is enough to show that the G-conjugates
of εC(H,K) are orthogonal. For this we show that, if g ∈ G \ E, then εC(H,K)εC(H,K)
g = 0. By
Lemma 2.7,
εC(H,K)εC(H,K)
g = εC(H,K)ε(H,K)ε(H,K)
gεC(H,K)
g,
which is zero by the definition of a strong Shoda pair whenever g /∈ NG(K). If g ∈ NG(K) \ E,
then εC(H,K)
g = εCg (H,K) 6= εC(H,K) are two different primitive central idempotents of FH by
Corollary 2.2. Hence εC(H,K)εC(H,K)
g = 0.
By Corollary 2.2, FHεC(H,K) ≃ F (ζk). Also, FEεC(H,K) = FHεC(H,K) ∗
σ
τ E/H is a crossed
product with homogeneous basis φ(E/H), where φ : E/H → E/K is a left inverse of the projection
E/K → E/H . The action σ and twisting τ are given by
σ : E/H → Aut(FHεC(H,K)) : gH 7→ (αεC(H,K) 7→ φ(gH)
−1αεC(H,K)φ(gH)),
τ : E/H × E/H → U(FHεC(H,K)) : (gH, g
′H) 7→ φ(gg′H)−1φ(gH)φ(g′H).
Clearly, the isomorphism FHεC(H,K) ≃ F (ζk) extends to an E/H-graded isomorphism
FEεC(H,K) = FHεC(H,K) ∗
σ
τ E/H ≃ F (ζk) ∗
σ′
τ ′ E/H.
Since H/K is maximal abelian in N/K and hence also in E/K, the action σ′ is faithful and FEεC(H,K)
is simple ([Rei75, Theorem 29.6]).
If g ∈ G, then the map x 7→ xg defines an isomorphism between the FG-modules FGεC(H,K) and
FGεC(H,K)
g. Therefore, FGFGeC(G,H,K) =
⊕
t∈T FGεC(H,K)
t ≃ (FGεC(H,K))
[G:E]. Moreover,
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εC(H,K)FGεC(H,K) =
⊕
t∈T εC(H,K)FEtεC(H,K) =
⊕
t∈T FEεC(H,K)tεC(H,K) = FEεC(H,K),
because εC(H,K) is central in FE and εC(H,K)
tεC(H,K) = 0 for all t ∈ G \ E. Thus
FGeC(G,H,K) ≃ EndFG(FGeC(G,H,K)) ≃M[G:E](EndFG(FGεC(H,K)))
≃ M[G:E](εC(H,K)FGεC(H,K)) =M[G:E](FEεC(H,K))
≃ M[G:E](F (ζk) ∗
σ′
τ ′ E/H).
2. By assumption there is a set Y ⊆ X such that {e(G,H,K) | (H,K) ∈ Y } is the set of primitive
central idempotents of QG. Hence, by Lemma 2.7,
1 =
∑
(H,K)∈Y
e(G,H,K) =
∑
(H,K)∈Y
∑
C∈R(H,K)
eC(G,H,K),
for R(H,K) a set of representatives of the action of NG(K) on CF (H/K). Furthermore, eC(G,H,K) are
primitive central idempotents of FG by (1). Hence {eC(G,H,K) | (H,K) ∈ Y,C ∈ R(H,K)} is the set
of primitive central idempotents of FG. 
Applying the result of [OdRS04, Theorem 4.4], we get the following result.
Corollary 3.3. If G is a finite strongly monomial group (e.g. a finite abelian-by-supersolvable group)
and F a number field. Then every primitive central idempotent if FG is of the form eC(G,H,K) for a
strong Shoda pair (H,K) of G and C ∈ CF (H/K). Furthermore, for every strong Shoda pair (H,K) of
G and every C ∈ CF (H/K),
FGeC(G,H,K) ≃M[G:E]
(
F
(
ζ[H:K]
)
∗στ E/H
)
,
where σ and τ are defined as above and E = EF (G,H/K).
Applying the result of [OdRS04, Theorem 4.7], we get the following result.
Corollary 3.4. If G is a finite metabelian group, A a maximal abelian subgroup of G containing G′ and
F a number field. Then every primitive central idempotent of FG is of the form eC(G,H,K) for a pair
(H,K) of subgroups of G satisfying the following conditions:
(1) H is a maximal element in the set {B ≤ G | A ≤ B and B′ ≤ K ≤ B};
(2) H/K is cyclic;
and C ∈ CF (H/K). Furthermore, for every pair (H,K) of subgroups of G satisfying (1) and (2) and
every C ∈ CF (H/K),
FGeC(G,H,K) ≃M[G:E]
(
F
(
ζ[H:K]
)
∗στ E/H
)
,
where σ and τ are defined as above and E = EF (G,H/K).
Remark 3.5. The description in Theorem 3.2 agrees with the one given in [Olt07, Proposition 1] and
provides an alternative formula for the simple components in a group algebra over a number field for
strongly monomial groups. Our formula has the advantage that it avoids induced characters and the
computation of some fields of character values. Moreover, it contains more details about the crossed
product.
4. On the number of simple components
In [FP07], Ferraz and Polcino Milies showed some conditions on when the number of simple com-
ponents of finite semisimple abelian group algebras FG reaches the lower bound, i.e. when it coincide
with the number of simple components of QG. We study the number of simple components of FG for
both number fields and finite fields (with char(F ) ∤ |G|) and investigate when this number is minimal for
strongly monomial groups.
From now on we assume G to be a finite strongly monomial group. We say that two strong Shoda
pairs (H1,K1) and (H2,K2) of G are equivalent when e(G,H1,K1) = e(G,H2,K2), or equivalently if
there is a g ∈ G such that Hg1 ∩K2 = K
g
1 ∩ H2 [OdRS06]. We call a set X of strong Shoda pairs of G
a complete set of representatives if X contains at most one strong Shoda pair in each equivalence class
and
∑
(H,K)∈X e(G,H,K) = 1. In this way, we guarantee that the set X associates to a complete and
non-redundant set of primitive central idempotents for a strongly monomial group G.
For QG the number of simple components clearly coincide with the number of equivalence classes on
strong Shoda pairs. Because of Lemma 2.7, we know that for each strong Shoda pair (H,K), e(G,H,K) =∑
C∈R eC(G,H,K) where R is a set of representatives of the action of NG(K) on CF (H/K). Hence
8 GABRIELA OLTEANU AND INNEKE VAN GELDER
e(G,H,K) decomposes in a certain number of primitive central idempotents, which is exactly the number
of orbits of the action of NG(K) on CF (H/K). This number of orbits is exactly
|CF (H/K)|
|OrbNG(K)(C)|
=
φ([H : K])
|I[H:K](F )|
|EF (G,H/K)|
|NG(K)|
for any C ∈ CF (H/K).
We have the following embeddings of fields:
F (ζ[H:K])
EF (G,H/K)/H
F (ζ[H:K])
FQ(ζ[H:K])NG(K)/H
Q(ζ[H:K])
Q(ζ[H:K])NG(K)/H ∩ F
Q
Here we have used the notation LA to denote the subfield of the field L, fixed by the action of a group
A on L. From this diagram it follows that
[Q(ζ[H:K])
NG(K)/H ∩ F : Q] =
[Q(ζ[H:K])NG(K)/H : Q]
[Q(ζ[H:K])NG(K)/H : Q(ζ[H:K])NG(K)/H ∩ F ]
=
φ([H : K])/[NG(K) : H ]
[F (ζ[H:K])EF (G,H/K)/H : F ]
=
φ([H : K])/[NG(K) : H ]
|I[H:K](F )|/[EF (G,H/K) : H ]
.
Hence the following proposition follows.
Proposition 4.1. Let G be a finite strongly monomial group and F a number field. Let X be a complete
set of representatives of strong Shoda pairs of G. Then the number of simple components of FG equals∑
(H,K)∈X
φ([H : K])
|I[H:K](F )|
|EF (G,H/K)|
|NG(K)|
=
∑
(H,K)∈X
[Q(ζ[H:K])
NG(K)/H ∩ F : Q].
Clearly the number of simple components of QG is a lower bound for the number of components of FG.
We say that the number of components is minimal when it reaches this lower bound. For a strong Shoda
pair (H,K) with H/K = 〈hK〉, let U(H,K) = {r ∈ U(Z/[H : K]Z) | hgh−r ∈ K for some g ∈ NG(K)}.
Proposition 4.2. Let G be a finite strongly monomial group and F a number field. Let X be a complete
set of representatives of strong Shoda pairs of G. The following statements are equivalent:
(1) The number of simple components of FG is minimal;
(2) For each pair (H,K) ∈ X: U(Z/[H : K]Z) =
〈
I[H:K](F ),U(H,K)
〉
;
(3) For each pair (H,K) ∈ X: φ([H : K]) = |I[H:K](F )|
|NG(K)|
|EF (G,H/K)|
for any C ∈ CF (H/K);
(4) For each pair (H,K) ∈ X: [Q(ζ[H:K])
NG(K)/H ∩ F : Q] = 1.
Proof. For each (H,K) ∈ X , fix h ∈ H such that H/K = 〈hK〉 and fix a faithful irreducible character
χ of H/K. Then any faithful linear character of H/K is of the form χi for some (i, [H : K]) = 1.
The number of simple components of FG is minimal if and only if for each strong Shoda pair (H,K) ∈
X the idempotent e(G,H,K) is already primitive in FG. This happens whenever the action of NG(K)
on CF (H/K) is transitive for any pair (H,K) ∈ X . This is equivalent to the existence of σi ∈ I[H:K](F )
and gi ∈ NG(K) for any i with (i, [H : K]) = 1 such that (χ
gi)σi = χi. The above means that
U(Z/[H : K]Z) =
〈
I[H:K](F ),U(H,K)
〉
, which proves the equivalence between the first two statements.
The equivalence with the third and fourth statement follows from Proposition 4.1. 
The following sufficient condition follows immediately.
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Corollary 4.3. Let G be a finite strongly monomial group and F a number field. Let X be a complete
set of representatives of strong Shoda pairs of G. If φ([H : K]) = |I[H:K](F )| for each (H,K) ∈ X, then
the number of simple components of FG is minimal.
Proof. Let (H,K) be a strong Shoda pair of G such that φ([H : K]) = |I[H:K](F )| and denote k = [H : K]
and hK a generator of H/K. Then Gal(F (ζk)/F ) = Gal(Q(ζk)/Q). Since g−1hg ∈ H for all g ∈ NG(K)
and the order of g−1hgK is the same as the order of hK, it follows that g−1hgK = hiK for some
i ∈ U(Z/kZ) = Ik(F ) and EF (G,H/K) = NG(K). Now the statement follows from Proposition 4.2. 
However, the previous condition is not necessary.
Example 4.4. Let G = D6 =
〈
a, b | a3 = 1, b2 = 1, bab = a2
〉
and F = Q(ζ3). Take H = 〈a〉 and K = 1,
then (H,K) is a strong Shoda pair of G such that NG(K) = G, I[H:K](F ) = 1 and EF (G,H/K) = 〈a〉.
Clearly, |I[H:K](F )| 6= φ([H : K]) = 2 but still
φ([H:K])
|I[H:K](F )|
|EF (G,H/K)|
|NG(K)|
= 1.
Also, it is clear that EF (G,H/K) = NG(K) provided φ([H : K]) = |I[H:K](F )|, however the opposite
is not valid.
Example 4.5. Let G = C3 × Q8 =
〈
a, x, y | a3 = 1, x4 = 1, y2 = 1, ax = xa, ay = ya, yxy = x3
〉
and
F = Q(ζ3). Then (〈ax〉 , 1) is a strong Shoda pair of G and I12(F ) = {1, 7} 6= U(Z/12Z) and still
EF (G, 〈ax〉) = G = NG(1).
Lemma 4.6. Let F be a number field and n and m integers such that n divides m. If φ(m) = |Im(F )|,
then φ(n) = |In(F )|.
Proof. Because of the Chinese Remainder Theorem, there is a surjective mapping from U(Z/mZ) to
U(Z/nZ). Assume that φ(m) = |Im(F )|. We have the following commutative diagram of sets
Gal(F (ζn)/F )


// U(Z/nZ)
Gal(F (ζm)/F )
OOOO
U(Z/mZ).
OOOO
It follows that |In(F )| = |Gal(F (ζn)/F )| = |U(Z/nZ)| = φ(n). 
Lemma 4.7. Let k be an integer and F a number field. Then |Ik(F )| = φ(k) if and only F ∩Q(ζk) = Q.
Proof. Because of the Fundamental Theorem of Galois, Gal(F (ζk)/F ) ≃ Gal(Q(ζk)/F ∩Q(ζk)). Assume
that |Ik(F )| = φ(k), then Ik(F ) = U(Z/kZ) or equivalently, Gal(Q(ζk)/F ∩ Q(ζk)) ≃ Gal(F (ζk)/F ) ≃
Gal(Q(ζk)/Q). This is equivalent with F ∩Q(ζk) = Q. 
Corollary 4.8. Let G be a finite strongly monomial group of exponent e and F a number field. If
φ(e) = |Ie(F )| then the number of simple components of FG is minimal.
Proof. For each strong Shoda pair (H,K) of G, the group H/K is cyclic. Therefore, the index [H : K]
is a divisor of the exponent of G. Because of Lemma 4.6, |In(F )| = φ(n). Hence the result follows from
Corollary 4.3. 
When we have more details in the structure of the group itself, we can give general conditions for the
number of components being minimal.
Corollary 4.9. Let G be a finite abelian group of exponent e and F a number field. The number of
simple components of FG is minimal if and only if U(Z/eZ) = Ie(F ).
Proof. When G is abelian, any strong Shoda pair is of the form (G,N) with G/N cyclic. Since G is
abelian, clearly U(G,N) = 1 for any strong Shoda pair.
By Proposition 4.2, it is sufficient to check that U(Z/eZ) = Ie(F ) if and only if U(Z/[G : N ]Z) =
I[G:N ](F ) for each N such that G/N is cyclic.
Suppose that U(Z/eZ) = Ie(F ). Let (G,N) be a strong Shoda pair. Then [G : N ] divides e. By
Lemma 4.6, it follows that U(Z/[G : N ]Z) = I[G:N ](F ).
On the other hand, suppose that U(Z/[G : N ]Z) = I[G:N ](F ) for each N such that G/N is cyclic.
Since G is abelian and e is the exponent of G, there exists a subgroup N of G such that G/N is cyclic
of order e. It follows that U(Z/eZ) = Ie(F ). 
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Corollary 3.4 allows one to easily compute the primitive central idempotents of the group algebra of
a finite metacyclic group. Every finite metacyclic group G has a presentation of the form
G = 〈a〉m ⋊k 〈b〉n =
〈
a, b | am = 1, bn = at, ab = ar
〉
,
where m,n, t, r are integers satisfying the conditions rn ≡ 1 mod m, m | t(r − 1) and om(r) =
n
k . For
every d | nk , let Gd = 〈a, b
d〉. The primitive central idempotents of FG are the elements of the form
eC(G,Gd,K) where C ∈ CF (Gd/K), d is a divisor of
n
k andK is a subgroup of Gd satisfying the following
conditions:
(1) d = min{x | nk : a
rx−1 ∈ K},
(2) Gd/K is cyclic.
This description allows us to classify when the number of simple components is minimal for some
particular classes of metacyclic groups.
Corollary 4.10. Let F be a number field and G = 〈a〉m⋊ 〈b〉p with p a prime which does not divide the
integer m. Assume that b−1ab = ar with (r − 1,m) = 1. Then the number of simple components of FG
is minimal if and only if Q(ζp) ∩ F = Q (or equivalently |Ip(F )| = p− 1) and Q(ζm)〈b〉 ∩ F = Q. Here
〈b〉 acts on Q(ζm) by the rule b · ζm = ζrm and we denote by Q(ζm)
〈b〉 the fixed subfield of Q(ζm) under
the action of 〈b〉.
Proof. The strong Shoda pairs of G in a complete set of representatives are either of the form (G,K)
or (〈a〉 ,
〈
al
〉
) for l | m. Here ar−1 ∈ K and hence a ∈ K and K = G or K = 〈a〉. Both (G, 〈a〉) and
(〈a〉 , 1) are always strong Shoda pairs of G and all [G : K] divide [G : 〈a〉] = p and all [〈a〉 :
〈
al
〉
] divide
[〈a〉 : 1] = m.
By Proposition 4.2, the number of simple components of FG is minimal if and only if [Q(ζ[G:K])∩F :
Q] = 1 = [Q(ζ[〈a〉:〈al〉])
〈b〉 ∩ F : Q]. Since
Q ⊆ Q(ζp) ∩ F
and
Q ⊆ Q(ζl)
〈b〉 ∩ F ⊆ . . . ⊆ Q(ζm)
〈b〉 ∩ F,
the number of simple components of FG is minimal if and only if Q(ζp) ∩ F = Q (or equivalently
|Ip(F )| = φ(p) = p− 1 by Lemma 4.7) and Q(ζm)〈b〉 ∩ F = Q. 
Corollary 4.11. Let F be a number field and G = 〈a〉q ⋊k 〈b〉n with q a prime which does not divide
the integer n. Assume that b−1ab = ar with oq(r) =
n
k . Then the number of simple components of FG
is minimal if and only if Q(ζn) ∩ F = Q (or equivalently |In(F )| = φ(n)) and Q(ζqk)〈b〉 ∩ F = Q. Here
〈b〉 acts on Q(ζqk) by the rules b · ζq = ζrq and b · ζk = ζk and we denote by Q(ζq)
〈b〉 the fixed subfield of
Q(ζq) under the action of 〈b〉.
Proof. Consider the groups Gd =
〈
a, bd
〉
for d a divisor of nk . Assume that d 6= 1 and d 6=
n
k and
(Gd,K) is a strong Shoda pair of G. Then by the conditions, a
r−1 /∈ K and thus 〈a〉 * K. However also
1 6= ar
d−1 ∈ K and therefore a ∈ K, a contradiction.
Therefore, the strong Shoda pairs of G in a complete set of representatives are either of the form
(G,
〈
a, bl
〉
) with l | n or (
〈
a, b
n
k
〉
,
〈
bh
n
k
〉
) for h | k. Both (G, 〈a〉) and (
〈
a, b
n
k
〉
, 1) are always strong Shoda
pairs of G and all [G :
〈
a, bl
〉
] divide [G : 〈a〉] = n and all [
〈
a, b
n
k
〉
:
〈
bh
n
k
〉
] divide [
〈
a, b
n
k
〉
: 1] = qk.
Note that Z(G) =
〈
bn/k
〉
. Therefore NG(
〈
bh
n
k
〉
) = G and G/
〈
a, bn/k
〉
acts the same on 〈a〉 as 〈b〉
does.
By Proposition 4.2, the number of simple components of FG is minimal if and only if [Q(ζl) ∩ F :
Q] = 1 = [Q(ζqh) ∩ F : Q]. Since
Q ⊆ Q(ζl) ∩ F ⊆ . . . ⊆ Q(ζn) ∩ F
and
Q ⊆ Q(ζqh)
〈b〉 ∩ F ⊆ . . . ⊆ Q(ζqk)
〈b〉 ∩ F,
the number of simple components of FG is minimal if and only if Q(ζn) ∩ F = Q (or equivalently
|In(F )| = φ(n) by Lemma 4.7) and Q(ζqk)〈b〉 ∩ F = Q. 
Corollary 4.12. Let F be a number field and G = 〈a〉qm ⋊1 〈b〉pn with p and q different primes and
b−1ab = ar with oqm(r) = p
n. The number of simple components of FG is minimal if and only if
Q(ζpn) ∩ F = Q (or equivalently |Ipn(F )| = pn−1(p − 1)) and Q(ζqm)〈b〉 ∩ F = Q. Here 〈b〉 acts on
Q(ζqm) by the rule b · ζqm = ζrqm and we denote by Q(ζqm)
〈b〉 the fixed subfield of Q(ζqm) under the action
of 〈b〉.
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Proof. Let σ be the automorphism of 〈a〉 given by σ(a) = ar. Then σ has order pn. As the kernel of
the restriction map Aut(〈a〉) → Aut
Ä¨
aq
m−1
∂ä
has order qm−1 it intersects 〈σ〉 trivially and therefore
the restriction of σ to
¨
aq
m−1
∂
also has order pn. This implies that q ≡ 1 mod pn and thus q is odd.
Therefore, Aut
Ä¨
aq
j
∂ä
(= Gal(Q(ζqj )/Q) = U(Z/q
jZ)) is cyclic for every j = 0, 1, . . . ,m and 〈σ〉 is the
unique subgroup of Aut(〈a〉) of order pn. So, for every i = 1, . . . ,m, the image of r in Z/qiZ generates
the unique subgroup of U(Z/qiZ) of order pn. In particular rp
n
≡ 1 mod qm and rp
j
6≡ 1 mod q for
every j = 0, . . . , n− 1. Therefore, r 6≡ 1 mod q and hence
〈
ar−1
〉
= 〈a〉. Using the description of strong
Shoda pairs of G and using the arguments as in the proof of Corollary 4.11, the strong Shoda pairs of G
in a complete set of representatives are of two types:
(1)
Ä
G,
¨
a, bp
i
∂ä
, i = 0, . . . , n,
(2)
Ä
〈a〉 ,
¨
aq
j
∂ä
, j = 1, . . . ,m.
Now, the number of simple components of FG is minimal if and only if [Q(ζpi) ∩ F : Q] = 1 =
[Q(ζqj )
〈b〉 ∩ F : Q] for all i = 0, . . . , n and j = 1, . . . ,m. Since
Q ⊆ Q(ζp) ∩ F ⊆ Q(ζp2) ∩ F ⊆ . . . ⊆ Q(ζpn) ∩ F
and
Q ⊆ Q(ζq)
〈b〉 ∩ F ⊆ Q(ζq2 )
〈b〉 ∩ F ⊆ . . . ⊆ Q(ζqm)
〈b〉 ∩ F,
the above is equivalent with Q(ζpn) ∩ F = Q and Q(ζqm)〈b〉 ∩ F = Q. 
The conditions in the previous corollary are clearly fulfilled when Q(ζpn)∩F = Q and Q(ζqm)∩F = Q
(or equivalently |Ipn(F )| = p
n−1(p − 1) and |Iqm(F )| = q
m−1(q − 1)). However the second condition is
not needed as we showed already in Example 4.4. We give another example, when ζqm might be in F .
Example 4.13. The conditions of Corollary 4.12 hold for F = Q(ζ3) andG = 〈a〉3⋊〈b〉4 with b
−1ab = a2.
Clearly Q(ζ4) ∩ F = Q. Since ζ2 + ζ23 = −1, also Q(ζ3)
〈2〉 ∩ F = Q.
Remark 4.14. There is a strong correspondence between the simple components in semisimple finite
group algebras and simple components in group algebras over number fields. Let Fq be the finite field
of order q = pn then Fq(ζk) = Fqok(q) for an integer k coprime to p. The Galois group Gal(Fq(ζk)/Fq) is
cyclic of order ok(p) and can be seen as a subgroup of U(Z/kZ). With the notations in this paper, for a
cyclic group G, CFq (G) agrees with the q-cyclotomic classes of G, denoted by C(G) in [BdR07]. Assume
now that G is a finite group of order coprime to p. Then EFq (G,H/K) agrees with the notion denoted by
EG(H/K) in [BdR07] for a strong Shoda pair (H,K) of G. In this way, the primitive central idempotents
for strongly monomial groups are determined by strong Shoda pairs (H,K) and C ∈ CFq (H/K) [BdR07,
Theorem 7]. There is an analogue computation for how many primitive central idempotents are build by
a fixed strong Shoda pair [BdR07, Lemma 6]. In this way, we show that the number of simple components
of FqG is minimal (i.e. is the same as the number of components of QG) if and only if
φ([H : K])
o[H:K](q)
|EFq (G,H/K)|
|NG(K)|
= 1
for all strong Shoda pairs (H,K) in a complete set of representatives. Let k = [H : K], one can compute
that
φ(k)
ok(q)
|EFq (G,H/K)|
|NG(K)|
= [Fpφ(k) : Fp(ζk)][Fp(ζk)
NG(K)/H ∩ Fq : Fp]
= [Fpφ(k) : Fpok(p) ][Fpok(p)/[NG(K):H] ∩ Fq : Fp].
This means that φ(k)ok(q)
|EFq (G,H/K)|
|NG(K)|
= 1 if and only if both [Fpφ(k) : Fpok(p) ] = 1 and [Fpok(p)/[NG(K):H] ∩Fq :
Fp] = 1. Note that the former condition means that ok(p) = φ(k). Also an analogue of Corollary 4.3 for
the finite case follows, i.e if φ([H : K]) = o[H:K](q) for each (H,K) in a complete set of representatives of
strong Shoda pairs of G, then the number of simple components of FqG is minimal. As a consequence,
we immediately see that if the number of simple components of FqG is minimal, necessarily also the
number of simple components of FpG is minimal.
As an analogue of Corollary 4.9, we find [FP07, Theorem 2.2] which says that the number of simple
components of FqG is minimal if and only if φ(e) = oe(q) where e is the exponent of G.
Similarly, one can obtain necessary and sufficient conditions on other groups for the minimality of the
number of simple components over a fixed finite field Fq. However, note that the condition φ([H : K]) =
o[H:K](p) for each (H,K) in a complete set of representatives of strong Shoda pairs of G, already strongly
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restricts the possibilities for G and its strong Shoda pairs. Indeed, it is well know that φ(k) = ok(p) is
only possible when U(Z/kZ) is cyclic. This happens only when k = 2, 4, sn or 2sn for an odd prime s
and a positive integer n.
5. The rank of Z(U(RG)) for R the ring of integers of F
Let F be a number field and R its ring of integers. Let G be a finite group. It is a classical problem
to study the group of units of RG and in particular to describe a finite set of elements that generate
the unit group up to finite index. In this study the central units of RG, Z(U(RG)) show up naturally
[JPS96, GJ98, JP12, JdROVG14, JdROVG13]. We give a formula for the rank of Z(U(RG)). Using
Dirichlet’s Unit Theorem one can prove that the rank of Z(U(RG)) is the difference between the number
of simple components of R ⊗Q FG and the number of simple components of FG, see [Fer04, Theorem
3.5].
We first recall the following theorem.
Theorem 5.1. [JdROVG13, Theorem 3.1] Let G be a finite strongly monomial group. Let X be a
complete set of representatives of strong Shoda pairs of G. Then the rank of Z(U(ZG)) equals∑
(H,K)∈X
Ç
φ([H : K])
k(H,K)[N : H ]
− 1
å
,
where h is such that H = 〈h,K〉 and
k(H,K) =
ß
1, if hhn ∈ K for some n ∈ NG(K);
2, otherwise.
Let us denote by rL(G) the number of simple components of LG for a field L and a finite group G.
Lemma 5.2. Let F be a number field and G a finite group. Then the number of simple components of
R⊗Q FG equals rrR(G) + srC(G), where r is the number of real embeddings of F and 2s is the number
of complex embeddings of F .
Proof. This follows from the equalities:
R⊗Q FG = R⊗Q F ⊗Q QG
= F ⊗Q RG
= F ⊗Q R⊗R RG
= (Rr ⊕ Cs)⊗R RG
= (RG)r ⊕ (CG)s.

Proposition 5.3. Let G be a finite strongly monomial group and F a number field with ring of integers
R. Let X be a complete set of representatives of strong Shoda pairs of G. Then the rank of Z(U(RG))
equals (r− 1)rR(G)+ srC(G)+
∑
(H,K)∈X
φ([H:K])
|NG(K)|
(
|H|
k(H,K)
− |EF (G,H/K)||I[H:K](F )|
)
, where r is the number of real
embeddings of F and 2s is the number of complex embeddings of F .
Proof. From Lemma 5.2 it follows that the rank of Z(U(RG)) equals rrR(G) + srC(G) − rF (G). From
Proposition 4.1,
rF (G) = rQ(G) +
∑
(H,K)∈X
Ç
φ([H : K])
|I[H:K](F )|
|EF (G,H/K)|
|NG(K)|
− 1
å
.
Therefore, applying Theorem 5.1,
rrR(G) + srC(G)− rF (G)
= (r − 1)rR(G) + srC(G) + rR(G)− rQ(G) −
∑
(H,K)∈X
Ç
φ([H : K])
|I[H:K](F )|
|EF (G,H/K)|
|NG(K)|
− 1
å
= (r − 1)rR(G) + srC(G) +
∑
(H,K)∈X
ÇÇ
φ([H : K])
k(H,K)[N : H ]
− 1
å
−
Ç
φ([H : K])
|I[H:K](F )|
|EF (G,H/K)|
|NG(K)|
− 1
åå
= (r − 1)rR(G) + srC(G) +
∑
(H,K)∈X
φ([H : K])
|NG(K)|
Ç
|H |
k(H,K)
−
|EF (G,H/K)|
|I[H:K](F )|
å
.
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